







































































Math1510 Week 6 Pf ofCasel f'cxs O on I
RelationshipbetweenDerivativesandGraph Suppose a.be I with acb
Monotonicity By Lagrange's MVT Fc Ela b suchthat

Theorem let I be an interval bffa ftc o i CEI
fex is differentiable on I f b f a D fla f b

0
If fix go on I Hence f is a constant function

0 Pf ofCase2 f x 70 on I
then fix is in9restaashing

on I Suppose a be 1 with acts
decreasing By Lagrange's MVT Fc Ela b suchthat

2mk Increasingmeans Decreasingmeans f b fla f't 20 l c c I
a b f a Eflb asb fcaszflb b a
n n f b f a O flat Effbf to T

flag
f Hence f is increasing

1 i f b y

i i g i i Pf of Case3 is similar
a b a b










































































eg Show that arctanx EX for xzo.es Show that

Sol Let fix arctanx fix arcs in X t arccosx

is a constant function on I I lThen for X 70
Sol For X CC l l

f X l E for I 0
I If Ix I oIl X Il X

fix is decreasing on 0 fix is a constant functionon C l l
fix Ef co _O for X Z 0 Rink

i e arctanX EX fo arcsinotarccoso Ot IL _It
F tant f is constant fix on I I't

Similar Exercise gX
Ex Show thatShow that

garctanx E Z X Z lulHX for X ZO
EanX Z X

X Z sinx for XZO
for 0EXCIz X E sinx for X EO










































































Concavity Picture
Defn f zo leg X f 50 leg H
fex is saidto beconcaveup down if

othe
line segment between an 2 points y Ty
ts graphis above below thegraph

t

A pointof inflection is where thegraph Concave up
Concavedown

changesconcavity
eg fix cosX fCX cosy fix

Theorem let I be an interval
fix is twicedifferentiable lie f x exists on I

I 7If Loo on I pointofinflection

thenfix is
Ve P m I f O f so f O

concavedown concaveup concavedown concaveup










































































RelativeExtrema and DerivativeTests Defn CE Df is called a criticalpoint
if fcc O or DIVE3ecall Let CEDf fix is saidto have

Warning Criticalptmaynotbe rel Maximinmaximum x f crelative atcifff near C
eg fix _x3 f'cos Ominimum f X fk
o is a criticalpts oooo

First Derivative test But 0 is neither
Let fix becontinuous at c and a cab relativeMaximin

If fix o on a c fix 50 on c b Second Derivativetest
then f has a relative maximum at c Supposef'ccg o If f c

f c LOIf fix so on la.cl fix 0 on c b
then f hasrelative minimumthen f has a relativeminimum at c maximum

at c

fcoho

f'Cc DNE ftc 0 f c O f Cc 0 f c so
i i

s
f o C f co fko C f o Rmk Noconclusion if f c f c O










































































eg Let fix 2 3 13 2 12 3 on IR f 1 1 12 1 6

Find intervals where fix is f X O x I
increasingfdecreas.mg concaveup concaVedown I I
Findandclassifythecriticalpointsof fur fq
using i 1st Derivativetest fix n v

ii 2ndDerivative test concave down concave up
Find the points of inflection I is 2 and I 1A

Sol
text 6 2 6 12

µ
t
idc're S In a

61 4 2 concaveup on I a

61 12 x 1 Concavedownon C Cs I
fix O x 2 or I

Df_IR f X exists VXEIR
Xs z za x e l X I

fix t t f X _O X 2 or I

f K T W T Critical points 2 and 1
increasing decreasing










































































Rinkbi By 1stderivativetest
Onemay use this to sketch y fcxfix O on l A 2 f hasrelative Relative maxi 2 fC2 17f X LO on C2,1 Max at 2
Relative min x I f l lo

f so on I 2,1 f hasrelative
gintercept fco 3

f x 0 on 1 min at 1
T

Ii f X 12 6 sameconclusion

ii at
If i 18 f hasrelativemin at 1

I I

iii iii If x O for X I
Point ofinflection I I fl Il I l 10










































































Periodicfunction f Xtc _fix c10 VXcurve Sketching
y sihXTo graph g fix consider

Lepeating
Domain

iv Asymptotes
Intercepts Horizontalasymptote mafia or timesfix C
x intercept x cDf fuk 0
y intercept coHoy if oeDf Vertical asymptote fimatfix or ftp.fixj t os

ii Symmetry v Monotonicity 1stDerivative
a Criticalpoints RelativeAbsoluteExtremumEvenfunction Oddfunction

fl X FH VxEDf fl X fix cDf Increasing f x 20
n n

Decreasing fly so Conucpare

y X y X vi Concavity 2ndDerivative

Pointsofinflection Cdmoffune

y axis
Symmetric Concaveup fix o

about Symmetricaboutorigin Concavedown f 1 1 0 increasing decreasing










































































egGraph fix xe i Domain so if s l
ii Intercepts v f txt e't Xe Htt e 0 if X I

j Df IR
iii symmetry o if I
iv Asymptotes

ii f O O v Monotonicity f isdecreasing on l A 13 increasing on C I too
f x O x O Vi Concavity 1stDerivativetest f hasrelativeminimum at I
i 10,0 is theonly X or gintercept fl 1 e te

0 if xs z
iii fl x Ifk f is not periodic vi f w e't e't xe x121 o if 8 2

0 if X 2
w f is continous on IR

f is concavedown on to 2 concaveup on C 2 toono verticalasymptote

7 fix hasxe as
ft 4 l 2 2e2 is apointofinflection

increases

to 1asIII fix 7 I 8
Ifits e x L'Hopital axis is a g XE

horizontalasymptote
O inI relminimum

o y O is a horizontal asymptote concaredown ptofinflection
concaveup










































































eg Graph fix 3
2xfix
1 2 35

Sol
f 443512 l 2114143312 1 61 4

Df IR 14314 44313

flog y intercept Ost x x co X O X 0

fix 10 for anyXEIR no intercept
FK t 0

f x increasing max decreasing

fl x 3 _fix x x s l x t lets 1 El x I
f x t O O t

fix is evenfunction fax concave Ptof concave Ptof
Graph g fix is symmetric up inflection down inflection Cmafare

about y axis f101 5 fl I fi

Df lR no verticalasymptote
max lots

nffcx Eiffel O of
ptofinflection

g O is a horizontal asymptote










































































eg Graph fix
2 K

Rmk NotforExamX 2 2X 1 I
goe Bylongdivision X 2 2 2 3 0

Df IRL 2 2 2 311 12 11 x 2 z 2x 48
Xt Ofix 2 11 1 22 X 2f107 0 yintercept 0,0 2

fix 0 x 2 31 0 z
fix 2 11 2

x o or E 2 fix 2 1 0 fiestas 2 1 0

Xintercepts o.o Zz o 8 2 11 is a slant asymptote

fix 2 14 2
2fl X 4 1 fix

notevenfoddperiodic fix z 2 f x 4
1 25 1 213

z Df i

7 fix _to f m fix as
1 0 2

zp 0 1 25 1
2 X I or 3

z is a vertical asymptote f 1 1 0 14213 0
no solution










































































X Xsl I kxc2 X 2 2hrs3 f 3 X 3
fix t O O 1
fix 7 relative y undefined y relative µmax min concave

1111 1 up

fl31 9

relativemin
X X s2 X Z X 2

g2 11f Ix t
f X concave undefined concave X 2

down up relativemax

no point of
inflection

Concave

down










































































eg Graph fix 6 1 sin2X 4cosX Note sinx 1130 sinx 2 0 their
f x 4 Sinti six 2 70 VrEIRSol
fix is increasingon C as

Df IR
y intercept ofco fo 4

fix O 4 sixth six 2 o
sin x 1 or SMX 3 no solution

x intercept Noteasyto find 2kt TI KEI
TA littlebit periodic Stationary

f1 1 6 1 periodicfunction gfix i
Ex showthat INoasymptote 1
inflectionpoints occurs at 1 If9 5 61 2052 4sink II
X 2kt tf 2kt 1 EL E I

i 1To solvefor fix 0 3 II
or Kitz 11 1 Criticalpts

f X 6 1211 Zsiix 145mi I
4sihx 4s.mx 18
4 sink SMX 2 gGx

4 sink 1 1 sinx 2










































































Finding absolutemaximin es Findtheabsolutemaxandmin of
Recall By ExtremeValueTheorem fix X t 2x

f is continuous f has absolutemax on C I I

on a b andmin on a b Sol Notethat f is continuous on C I l
Q How to find the absoluteextrema EVT f has absolute max andmin on Clol

Fact For a continuousfunctionfix on a b To find them

H f hasarelativeextremaat c then c is Find thecritical points
a criticalpoint or an endpoint i e f ex ExEt 43

5 for xto
f c 0 or DIVE or
a or b Check if flo exists

Absextremum Rel extremum Critical Endpoints
fjmoHoth

h
Ho Lmoh t2hh

strategyto find absolutemaximin moµt2h DNE
T TFind criticalpoints

approachO PNE
Comparevaluesof fix at criticalpointsand
endpoints to determine absolutemaximin

i f't is notdifferentiable at o










































































For fix 0

Is I Ex 5 0
Ex Graph fix

f's i
3

5 14 0 l
X 4 I

5 I
4

Criticalpoints are 0 F I
T t

f IX DNE FIX O I
I

Compare fix at criticalpoints andendpoints 1
I

f O O 1
I

ftaskf 155121155521.034 l t l
If l l I 12 1 Ivalues at endpoints i l

f l I t z 3 Il l I
For texel f hasmaxvalue 3 at F I l l l

l l lmin value 0 at X O y 4g O d










































































Derivative of vectorvalued functions
Flt Ht in l ya jLet fit be a vectorvaluedfunction Fifty X'Ct it y'It jIts derivative is defined to be

Frito dim Fltoth Fito es Let Flt cost in 1 sint j
h o h be displacement Find displacement

Fit oth Fito velocity accleration speed at z
Sol F It CSint it cost JFito8 Flt rift cost i 1 sin4J

If Flt displacement at time t At t I displacement FI j
then F'It velocity velocity_F'lazy i

11F'It H speed acceleration F t j
F It acceleration speed HF't 11 11 711 1



Rmk Note f cost g Sint es Flt titlitzt E j
x4y2 1 Then F'It in 112 Zt J

HE'Itill I sint cost F'It 2J constantacceleration

L for any t arTO Rmk
constantspeed I Fil F t

y I 12T tPicture r t I
v y lt2x XF'IE E Is v V Ortiz

F O r l2

F E re F13
I

to vr l3

V


